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QUILLEN EQUIVALENT MODELS FOR THE DERIVED
CATEGORY OF FLATS AND THE RESOLUTION PROPERTY
SERGIO ESTRADA AND ALEXANDER SLA´VIK
Abstract. We investigate under which assumptions a subclass of flat quasi-
coherent sheaves on a quasi-compact and semi-separated scheme allows to
“mock” the homotopy category of projective modules. Our methods are based
on module theoretic properties of the subclass of flat modules involved as well
as their behaviour with respect to Zariski localizations. As a consequence we
get that, for such schemes, the derived category of flats is equivalent to the
derived category of very flats. If, in addition, the scheme satisfies the resolution
property then both derived categories are equivalent to the derived category
of infinite-dimensional vector bundles. The equivalences are inferred from a
Quillen equivalence between the corresponding models.
1. Introduction
Throughout the paper R will denote a commutative ring. In [20] Neeman gives a
new description of the homotopy categoryK(Proj(R)) as a quotient ofK(Flat(R)).
The main advantage of the new description is that it does not involve projective
objects, so it can be generalized to non-affine schemes (see [19, Remark 3.4]). So, in
his thesis [16], Murfet mocks the homotopy category of projectives on a non-affine
scheme, by considering the category D(Flat(X))1 defined as the Verdier quotient
D(Flat(X)) :=
K(Flat(X))
F˜lat
K
(X)
,
where F˜lat
K
(X) denotes the class of acyclic complexes in K(Flat(X)) with flat cy-
cles. In the language of model categories, Gillespie showed in [10] that D(Flat(X))
can be realized as the homotopy category of a Quillen model structure on the cat-
egory Ch(Qcoh(X)) of unbounded chain complexes of quasi-coherent sheaves on a
quasi compact and semi-separated scheme, and that, in fact, in case X = Spec(R)
is affine, both homotopy categoriesD(Flat(X)) and K(Proj(R)) are triangle equiv-
alent, coming from a Quillen equivalence between the corresponding models.
However, from an homological point of view, flat modules are much more com-
plicated than projective modules. For instance, for a general commutative ring,
the exact category of flat modules has infinite homological dimension. In order to
partially remedy these complications, recently Positselski in [21] has introduced a
refinement of the class of flat quasi-coherent sheaves, the so-called very flat quasi-
coherent sheaves (see Section 3 for the definition and main properties) and showed
that this class shares many nice properties with the class of flat sheaves, but it has
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1The original terminology in [16] for D(Flat(X)) was Km(Proj(X)). This is referred in [18]
as the pure derived category of flat sheaves on X and denoted by D(Flat(X)).
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potentially several advantages with respect to it, for instance, it can be applied to
matrix factorizations (see the introduction of the recent preprint [23] for a nice and
detailed treatment on the goodness of the very flat sheaves).
Moreover, in the affine caseX = Spec(R), the exact category of very flat modules
has finite homological dimension (every very flat module has projective dimension
≤ 1). Therefore one easily obtains in this case a triangulated equivalence between
D(VF(R)) and K(Proj(R)) (here VF(R) denotes the class of very flat R-modules).
In particular it is much less involved than the aforementioned triangulated equiva-
lence between D(Flat(R)) and K(Proj(R)) ([20, Theorem 1.2]).
So, if we denote by VF(X) the class of very flat quasi-coherent sheaves, one
can also think in “mocking” the homotopy category of projectives over a non-affine
scheme by defining the Verdier quotient
D(VF(X)) :=
K(VF(X))
V˜F
K
(X)
.
It is then natural to wonder whether or not the (indirect) triangulated equivalence
between D(Flat(R)) and D(VF(R)) still holds over a non-affine scheme. This was
already proved to be the case for a semi-separated Noetherian scheme of finite
Krull dimension in [21, Corollary 5.4.3]. As a first consequence of the results in
this paper, we extend in Corollary 6.1 this result for arbitrary (quasi-compact and
semi-separated) schemes.
Corollary 1. For any scheme X , the categories D(Flat(X)) and D(VF(X)) are
triangle equivalent.
Recall from Totaro [28] (see Gross [12] for the general notion) that a scheme X
satisfies the resolution property provided thatX has enough locally frees, that is, for
every quasi-coherent sheaf M there exists an exact map ⊕iVi → M → 0, for some
family {Vi : i ∈ I} of vector bundles. In this case the class of infinite-dimensional
vector bundles (in the sense of Drinfeld [4]) constitutes the natural extension of the
class of projective modules for non-affine schemes. And one can define the derived
category of infinite-dimensional vector bundles again as the Verdier quotient
D(Vect(X)) :=
K(Vect(X))
V˜ect
K
(X)
.
This definition trivially agrees with K(Proj(R)) in case X = Spec(R) is affine.
By using the class of very flat sheaves we obtain in Corollary 6.2 the following
meaningful consequence, which does not seem clearly to admit a direct proof (i.e.
a proof without using very flat sheaves).
Corollary 2. Let X be a quasi-compact and semi-separated scheme satisfying the
resolution property (for instance if X is divisorial [17, Proposition 6(a)]). Mur-
fet’s and Neeman’s derived category of flats, D(Flat(X)), is triangle equivalent to
D(Vect(X)), the derived category of infinite-dimensional vector bundles.
Indeed the methods developed in this paper go beyond the class of very flat
quasi-coherent sheaves. More precisely, we investigate which are the conditions
that a subclass Aqc of flat quasi-coherent sheaves has to fulfil in order to get a
triangle equivalent category to D(Flat(X)). In fact, we show that the triangulated
equivalence comes from a Quillen equivalence between the corresponding models.
We point out that there are well-known examples of non Quillen equivalent models
with equivalent homotopy categories. The precise statement of our main result is
in Theorem 6.1 (see the setup in Section 6 for unexplained terminology).
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Theorem. Let X be a quasi-compact and semi-separated scheme and let P be a
property of modules and A its associated class of modules. Assume that A ⊆ Flat,
and that the following conditions hold:
(1) The class A is Zariski-local.
(2) For each R = OX(U), U ∈ U , the pair (AR,BR) is a hereditary cotorsion
pair generated by a set.
(3) For each R = OX(U), U ∈ U , every flat AR-periodic module is trivial.
(4) j∗(Aqc(Uα)) ⊆ Aqc(X), for each α ⊆ {0, . . . ,m}.
Then the class Aqc defines an abelian model category structure in Ch(Qcoh(X))
whose homotopy category D(Aqc) is triangle equivalent to D(Flat(X)), induced by
a Quillen equivalence between the corresponding model categories.
It is interesting to observe that conditions (1), (2) and (3) in the previous theorem
only involve properties of modules. Thus we find useful and of independent interest
to explicitly state in Theorem 5.1 the affine version of the previous theorem (and
give an easy proof). Section 4 is meant to make abundantly clear the variety of
examples of classes of modules that fit into those conditions. Of particular interest
is the class A(κ) of restricted flat Mittag-Leffler modules considered in Theorem 4.5
which has been widely studied in the literature in the recent years (see, for instance,
[6, 7, 11, 14, 25]). So regarding this class, we obtain the following meaningful
consequences:
Corollary. Let κ be an infinite cardinal and A(κ) be the class of κ-restricted flat
Mittag-Leffler modules (notice that A(κ) = Proj(R) in case κ = ℵ0).
(1) Every pure acyclic complex with components in A(κ) has cycles in A(κ).
(2) The categories D(A(κ)) and K(Proj(R)) are triangle equivalent.
The proof of (1) can be found in Theorem 4.5 whereas the proof of (2) is a
particular instance of Theorem 5.1 with A = A(κ). In the special case κ = ℵ0,
the statement (1) recovers a well-known result due to Benson and Goodearl ([2,
Theorem 1.1]).
2. Preliminaries
2.1. Zariski local classes of modules. Let P be a property of modules and let A
be the corresponding class of modules satisfying P , i.e. for any ring R, the class
AR consists of M ∈ R-Mod such that M satisfies PR. We define the class Aqc(X)
in Qcoh(X) (or just Aqc if the scheme is understood) as the class of all quasi-
coherent sheaves M such that, for each open affine U ⊆ X , the module of sections
M (U) ∈ AOX(U). We will be only interested in those properties of modules P
such that the property of being in Aqc(X) can be tested on an open affine covering
of X . In this case we will say that the class A of modules (associated to P) is
Zariski-local.
The following is a specialization of the ascent-descent conditions ([7, Definition
3.4]) that suffices to prove Zariski locality (see Vakil [29, Lemma 5.3.2] and also
[15, §27.4]):
Lemma 2.1. The class of modules A associated to the property of modules P is
Zariski-local if and only if satisfies the following:
(1) If an R-module M ∈ AR, then Mf ∈ ARf for all f ∈ R.
(2) If (f1, . . . , fn) = R, and Mfi = Rfi ⊗R M ∈ ARfi , for all i ∈ {1, . . . , n},
then M ∈ AR.
It is easy to see that the class Flat of flat modules is Zariski-local. A module M
isMittag-Leffler provided that the canonical mapM⊗R
∏
i∈IMi →
∏
i∈I M⊗RMi
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is monic for each family of left R-modules (Mi| i ∈ I). The classes FlatML (of flat
Mittag-Leffler modules) and Proj (of projective modules) are also Zariski-local by
3.1.4.(3) and 2.5.2 in [24, Seconde partie, 2.5.2]. The class rFlatML of restricted
flat Mittag-Leffler modules (in the sense of [7, Example 2.1(3)]) is also Zariski-local
by [7, Theorem 4.2].
2.2. Precovers, envelopes and complete cotorsion pairs. Throughout this section
the symbol G will denote an abelian category. Let C be a class of objects in G. A
morphism C
φ
→ M in G is called a C-precover if C is in C and HomG(C
′, C) →
HomG(C
′,M)→ 0 is exact for every C′ ∈ C. If every object in G has a C-precover,
then the class C is called precovering. The dual notions are preenvelope and preen-
veloping class.
A pair (A,B) of classes of objects in G is a cotorsion pair if A⊥ = B and A = ⊥B,
where, given a class C of objects in A, the right orthogonal C⊥ is defined to be the
class of all Y ∈ G such that Ext1G(C, Y ) = 0 for all C ∈ C. The left orthogonal
⊥C
is defined similarly. A cotorsion pair (A,B) is called hereditary if ExtiG(A,B) = 0
for all A ∈ A, B ∈ B, and i > 1. A cotorsion pair (A,B) is complete if it has
enough projectives and enough injectives, i.e. for each D ∈ G there exist short exact
sequences 0 −→ B −→ A −→ D −→ 0 (enough projectives) and 0 −→ D −→ B′ −→ A′ −→ 0
(enough injectives) with A,A′ ∈ A and B,B′ ∈ B. It is then easy to observe that
A −→ D is an A-precover of D (such precovers are called special). Analogously,
D −→ B′ is a special B-preenvelope of D. A cotorsion pair (A,B) is generated by
a set provided that there exists a set S ⊆ A such that S⊥ = B. In case G is, in
addition Grothendieck, it is known that a cotorsion pair generated by a set S which
contains a generating set of G is automatically complete.
2.3. Exact model categories and Hovey triples. In [13] Hovey relates complete co-
torsion pairs with abelian (or exact) model category structures.
An abelian model structure on G, that is, a model structure on G which is com-
patible with the abelian structure in the sense of [13, Definition 2.1], corresponds
by [13, Theorem 2.2] to a triple (C,W ,F) of classes of objects in A for which W
is thick2 and (C ∩ W ,F) and (C,W ∩ F) are complete cotorsion pairs in G. In
the model structure on G determined by such a triple, C is precisely the class of
cofibrant objects, F is precisely the class of fibrant objects, and W is precisely the
class of trivial objects (that is, objects weakly equivalent to zero). Such triple is
often referred as a Hovey triple.
Gillespie extends in [9, Theorem 3.3] Hovey’s correspondance, mentioned above,
from the realm of abelian categories to the realm of weakly idempotent complete
exact categories ([9, Definition 2.2]). More precisely, if G is a weakly idempotent
complete exact categories (not necessarily abelian), then an exact model structure
on G (i.e. a model structure on G which is compatible with the exact structure in
the sense of [9, Definition 3.1]) corresponds to a Hovey triple (C,W ,F) in G.
2.4. Deconstructible classes. A well ordered direct system, (Mα : α ≤ λ), of
objects in G is called continuous if M0 = 0 and, for each limit ordinal β ≤ λ, we
have Mβ = lim−→α<β
Mα. If all morphisms in the system are monomorphisms, then
the system is called a continuous directed union.
Let S be a class of objects in G. An objectM in G is called S-filtered if there is a
continuous directed union (Mα : α ≤ λ) of subobjects ofM such thatM =Mλ and
for every α < λ the quotient Mα+1/Mα is isomorphic to an object in S. We denote
2Recall that a class W in an abelian (or, more generally, in an exact) category G is thick if it
is closed under direct summands and satisfies that whenever two out of three of the terms in a
short exact sequence are in W , then so is the third.
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by Filt (S) the class of all S-filtered objects in G. A class C is called deconstructible
provided that there exists a set S such that C = Filt (S) (see [27, Definition 1.4]). It
is then known by [27, Theorem pg.195] that any deconstructible class is precovering.
2.5. Chain complexes of modules. We denote by Ch(G) the category of unbounded
chain complexes of objects in G, i.e. complexes G• of the form
· · · → Gn+1
dGn+1
−−−→ Gn
dGn−−→ Gn−1 → · · · .
We will denote by ZnG• the n-cycle of G, i.e. ZnG = Ker(d
G
n ). Given a chain
complexG the nth-suspension of G, ΣnG, is the complex defined as (ΣnG)k = Gk−n
and dΣ
nG
k = (−1)
ndk−n. And for a given object A ∈ G, the n-disk complex D
n(A)
is the complex with the object A in the components n and n− 1, dn as the identity
map, and 0 elsewhere.
We denote by K(G) the homotopy category of G, i.e. K(G) has the same ob-
jects as Ch(G) and the morphisms are the homotopy classes of morphisms of chain
complexes.
In case G = R-Mod, we will denote Ch(G) (resp. K(G)) simply by Ch(R)
(resp. K(R)). Given a class C in G, we shall consider the following classes of chain
complexes:
• Ch(C) (resp. K(C)) is the full subcategory of Ch(G) (resp. of K(C)) of all
complexes C• ∈ Ch(G) such that Cn ∈ C.
• Chac(C) (resp. Kac(C)) is the class of all acyclic complexes in Ch(C) (resp.
in K(C)).
• C˜ (resp. C˜
K
) is the class class of all complexes C• ∈ Chac(C) (resp. C• ∈
Kac(C)) with the cycles ZnC• in C for all n ∈ Z. A complex in C˜ is called
a C complex.
• If (A,B) is a cotorsion pair in G, then dg(A) is the class of all complexes
A• ∈ Ch(A) such that every morphism f : A• → B•, with B• a B complex,
is null homotopic. Since Ext1G(An, Bn) = 0 for every n ∈ Z, a standard
formula allows to infer that dg(A) = ⊥B˜. Analogously, dg(B) is the class
of all complexes B• ∈ Ch(B) such that every morphism f : A• → B•, with
A• an A complex, is null homotopic. Hence dg(B) = A˜
⊥.
3. Very flat modules and sheaves
One of the main application of the results in this paper concerns the classes of
very flat modules and very flat quasi-coherent sheaves, as defined by Positselski in
[21]. In the present section we summarize all relevant definitions and properties
regarding this class and that will be relevant in the sequel.
3.1. Very flat and contraadjusted modules. Let us consider the set S = {R[r−1] :
r ∈ R} and let (VF(R), CA(R)) the complete cotorsion pair generated by S. The
modules in the class VF(R) are called very flat and the modules in the class CA(R)
are called contraadjusted. It is then clear that every projective module is very
flat, and that every very flat module is, in particular, flat. In fact it is easy to
observe that every very flat module has finite projective dimension ≤ 1. Thus,
the complete cotorsion pair (VF , CA) is automatically hereditary and CA is closed
under quotients. We finally notice that L is very flat in any short exact sequence
0→ L→ V →M → 0 in which V is very flat and pdR(M) ≤ 1 (where pdR(M) is
the projective dimension of M).
Proposition 3.1 (Positselski). The class of very flat modules is Zariski-local.
Proof. Condition (1) of Lemma 2.1 holds by [21, Lemma 1.2.2(b)].
Condition (2) of Lemma 2.1 follows from [21, Lemma 1.2.6(a)]. 
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3.2. Very flat and contraadjusted quasi-coherent sheaves. Let X be any scheme.
A quasi-coherent sheaf M is very flat if there exists an open affine covering U of
X such that M (U) is a very flat OX(U)-module for each U ∈ U . By the previous
proposition, the definition of very flat quasi-coherent sheaf is independent of the
choice of the open affine covering. A quasi-coherent sheaf N is contraadjusted
if Extn(M ,N ) = 0 for each very flat quasi-coherent sheaf M and every integer
n ≥ 1.
Since the class of very flat modules is resolving (i.e. closed under kernels of
epimorphisms) we infer that the class of very flat quasi-coherent sheaves is also
resolving.
3.3. Very flat generators in Qcoh(X). LetX be a quasi-compact and semi-separated
scheme, with U = {U0, · · · , Ud} a semi-separated finite affine covering of X . Let
U = Ui0∩· · ·∩ Uip be any intersection of open sets in the cover U and let j : U →֒ X
be the inclusion of U in X . The inverse image functor j∗ is just the restriction,
so it is exact and preserves quasi-coherence. The direct image functor j∗ is ex-
act and preserves quasi-coherence because j : U →֒ X is an affine morphism,
due to the semi-separated assumption. Thus we have an adjunction (j∗, j∗) with
j∗ : Qcoh(U)→ Qcoh(X) and j
∗ : Qcoh(X)→ Qcoh(U).
The proof of the next proposition is implicit in [1, Proposition 1.1] (see also
Murfet [16, Proposition 3.29] for a very detailed treatment) by noticing that the
direct image functor j∗ preserves not just flatness but in fact very flatness (by [21,
Corollary 1.2.5(b)]). The reader can find a short and direct proof in [21, Lemma
4.1.1].
Proposition 3.2. Let X be a quasi-compact and semi-separated scheme. Every
quasi-coherent sheaf is a quotient of a very flat quasi-coherent sheaf. Therefore
Qcoh(X) possesses a family of very flat generators.
3.4. The very flat cotorsion pair in Qcoh(X). For any scheme X , the class VF(X)
of very flat quasi-coherent sheaves is deconstructible (by [6, Corollary 3.14]). There-
fore the class of very flat quasi-coherent sheaves is a precovering class (see 2.4). If,
in addition, the scheme X is quasi-compact and semi-separated we infer from [6,
Corollary 3.15] and [21, Corollary 4.1.2] that the pair (VF(X), CA(X)) is a com-
plete hereditary cotorsion pair in Qcoh(X) (where CA(X) denotes the class of all
contraadjusted quasi-coherent sheaves on X).
By [21, Lemma 1.2.2(d)] the class of very flat modules (and hence the class of
very flat quasi-coherent sheaves) is closed under tensor products. Thus, in case X is
quasi-compact and semi-separated, [6, Theorem 4.5] yields a cofibrantly generated
and monoidal model category structure in Ch(Qcoh(X)) where the weak equiva-
lences are the homology isomorphisms. The cofibrations (resp. trivial cofibrations)
are monomorphisms whose cokernels are dg-very flat complexes (resp. very flat
complexes). The fibrations (resp. trivial fibrations) are epimorphisms whose ker-
nels are dg-contraadjusted complexes (resp. contraadjusted complexes). Therefore
the corresponding triple is
(dg(VF(X)),Chac(Qcoh(X)), dg( CA(X))).
4. The property of modules involved. Examples
As we will see in the next sections, we are mainly concerned in deconstructible
classes of modules that are closed under certain periodic modules. We start by
recalling the notion of C-periodic module with respect to a class C of modules.
Definition 4.1. Let C be a class of modules. A module M is called C-periodic if
there exists a short exact sequence 0→M → C →M → 0, with C ∈ C.
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The following proposition relating flat periodic A-modules and acyclic complexes
with components in A is standard, but relevant for our purposes. The reader can
find a proof in [5, Proposition 1 and Proposition 2].
Proposition 4.2. Let A be a class of modules closed under direct sums and direct
summands. The following are equivalent:
(1) Every cycle of an acyclic complex with flat cycles and with components in
A belongs to A.
(2) Every flat A-periodic module belongs to A.
We are interested in deconstructible classes of modules A satisfying condition
(2) in the previous proposition. Of course the first trivial example is the class
Flat(R) of flat modules itself. Since the class of all flat Mittag-Leffler modules is
closed under pure submodules, this class also trivially yields an example of a class
A satisfying that every flat A-periodic module is in A. However this class has an
important drawback: it is only deconstructible in the trivial case of a perfect ring
(see Herbera and Trlifaj [14, Corollary 7.3]). This setback can be remedied by
considering the restricted flat Mittag-Leffler modules, in the sense of [7, Example
2.1(3)], as we will show in Theorem 4.5 below.
Now we will provide with other interesting non-trivial examples of such classes
A satisfying condition (2) above, and that will be relevant in the applications of
our main results in the next sections.
The first example is the class A = Proj(R) of projective R-modules and goes
back to Benson and Goodearl [2, Theorem 1.1].
Proposition 4.3. Let Proj(R) be the class of all projective R-modules. Every flat
Proj(R)-periodic module is projective. As a consequence every pure acyclic complex
of projectives is contractible (i.e. has projective cycles).
The second application is the class A = VF(R) of very flat modules (this is due
to Sˇtˇ’ov´ıcˇek, personal communication).
Proposition 4.4. Every flat VF(R)-periodic module is very flat. As a consequence
every pure acyclic complex of very flat modules has very flat cycles.
Proof. Let 0→ F → G→ F → 0 be an exact sequence with F flat and G very flat.
Let 0→ F1 → P → F → 0 be an exact sequence with P projective; then F1 is flat.
An application of the horseshoe lemma gives the following commutative diagram
0

0

0

0 // F1

// Q //

F1

// 0
0 // P

// P ⊕ P //

P

// 0
0 // F

// G //

F

// 0
0 0 0.
where Q is projective, since pdR(G) ≤ 1. Thus, by Proposition 4.3, F1 is projective
and therefore pdR(F ) ≤ 1. Let C ∈ CA(R). Then applying HomR(−, C) to the
short exact sequence yields 0 = Ext1R(G,C) → Ext
1
R(F,C) → Ext
2
R(F,C) = 0,
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hence F ∈ VF(R). Finally, the consequence follows from Proposition 4.2(1) (with
A = VF(R)). 
The last example is the announced deconstructible class of restricted flat Mittag-
Leffler modules as defined in [7, Example 2.1(3)].
Theorem 4.5. let κ be an infinite cardinal and A(κ) be the class of κ-restricted
flat Mittag-Leffler modules. Every flat A(κ)-periodic module is in A(κ). As a
consequence every pure acyclic complex with components in A(κ) has cycles in
A(κ).
Proof. The proof mostly follows the pattern outlined in [2]; the main difference is
that instead of direct sum decomposition, we work with filtrations and Hill Lemma
(cf. [11, Theorem 7.10]). Given a short exact sequence
(1) 0→ F → G
f
→ F → 0
with F flat and G ∈ A(κ), we fix a Hill family H for G. The goal is to pick
a filtration (Gα | α ≤ σ) from H such that for each α < σ, f(Gα) = F ∩ Gα,
f(Gα) ⊆∗ F , and Gα+1/Gα is ≤ κ-presented flat Mittag-Leffler.
Once this is achieved, we obtain a filtration of the whole short exact sequence
(1) by short exact sequences of the form
0→ Fα+1/Fα → Gα+1/Gα → Fα+1/Fα → 0
(putting Fα = f(Gα) = F ∩ Gα). Since the property of being flat Mittag-Leffler
passes to pure submodules (cf. [11, Corollary 3.20]), this would make Fα+1/Fα an
≤ κ-presented flat Mittag-Leffler module and hence imply F ∈ A(κ). (Note that by
[6, Lemma 2.7 (1)], each ≤ κ-generated flat Mittag-Leffler module is (even strongly)
≤ κ-presented.)
Put G0 = 0. For limit ordinals α, it suffices to take unions of already constructed
submodules Gβ , β < α; note that by property (H2) in Hill Lemma, Gα ∈ H then.
Having constructed modules up to Gα (and assuming Gα 6= G), we construct Gα+1
as follows: We pass to the quotient short exact sequence
0→ F/Fα → G/Gα
f
→ F/Fα → 0,
which, by assumption, satisfy that F/Fα is flat and G/Gα ∈ A(κ). Note that F/Fα,
being (identified with) a pure submodule of G/Gα, is flat Mittag-Leffler. The Hill
family H gives rise to family H′ for G/Gα, which consists of factors of modules
from H (containing Gα) by Gα.
Let us first show that any ≤ κ-generated submodule Y of G/Gα can be enlarged
to ≤ κ-generated G ∈ H′ with the property that f(G) ⊆∗ F/Fα and G ∩ F/Fα
is ≤ κ-generated. To this end, we construct inductively a chain of submodules
Gn ∈ H
′ with union G (utilizing property (H2)). Let G0 be an arbitrary ≤ κ-
generated module G0 ∈ H
′ containing Y (obtained via (H4)). Assuming we have
constructed Gn, we get Gn+1 by taking these steps:
(1) Enlarge f(Gn) to a ≤ κ-generated pure submodule Xn of F/Fα; this is
possible by [6, Lemma 2.7 (2)] once we notice that F/Fα, being a pure
submodule of G/Gα, is flat Mittag-Leffler.
(2) Take ≤ κ-generated Gn+1 ∈ H
′ such that X ⊆ f(G′n); this is again possible
by property (H4) of the Hill Lemma.
We have f(G) =
⋃
n∈N f(G) =
⋃
n∈NXn ⊆∗ F/Fα. This also shows that f(G) is
flat Mittag-Leffler, hence ≤ κ-presented. The short exact sequence
0→ G ∩ (F/Fα)→ G→ f(G)→ 0
now shows that G ∩ (F/Fα) is indeed ≤ κ-generated.
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Now iterate the claim as follows: Start with arbitrary ≤ κ-generated non-zero
Y0 ⊆ G/Gα and obtain G0 from the claim. Enlarge it to G1 ∈ H
′ satisfying
G0 ∩ (F/Fα) ⊆ f(G1) (which we may do using (H4), since G0 ∩ (F/Fα) is ≤ κ-
generated). Taking Y1 = G1 + f(G1) and applying the claim, we get G2 etc. This
way we obtain a chain
G0 ∩ (F/Fα) ⊆ f(G1) ⊆ G2 ∩ (F/Fα) ⊆ f(G3) ⊆ . . . ,
so for G =
⋃
n∈NGn ∈ H
′ we have G ∩ (F/Fα) = f(G). Also the purity of f(G) in
F/Fα and being ≤ κ-generated is ensured.
The desired module Gα+1 is now the one satisfying Gα+1/Gα = G. 
Note that in the case κ = ℵ0, A(κ) is just the class of projective modules by [24,
Seconde partie, Section 2.2], so this also covers the case of [2].
5. Quillen equivalent models for K(Proj(R))
It is known (see Bravo, Gillespie and Hovey [3, Corollary 6.4]) that the homotopy
category of projectives K(Proj(R)) can be realized as the homotopy category of
the model Mproj = (Ch(Proj(R)),Ch(Proj(R))
⊥,Ch(R)) in Ch(R). Now, by [10,
Remark 4.2], the class Ch(Flat(R)) induces model category in Ch(R) given by the
triple,
(Ch(Flat(R)),Ch(Proj(R))⊥, dg(Cot(R))).
The last model is thus Quillen equivalent to Mproj. Therefore, its homotopy
category, the derived category of flats D(Flat(R)), is triangulated equivalent to
K(Proj(R)). The next theorem gives sufficient conditions on a class of modules A
to get D(A) and D(Flat(R)) to be triangulated equivalent. For concrete examples
of such classes the reader should have in mind the classes of modules considered in
Section 4.
Theorem 5.1. Let A ⊆ Flat(R) be a class of modules such that:
(1) The pair (A,B) is a hereditary cotorsion pair generated by a set.
(2) Every flat A-periodic module is trivial.
Then there is an abelian model category structureM = (Ch(A),Ch(Proj(R))⊥, dgB˜)
in Ch(R). If we denote by D(A) the homotopy category of M, then D(Flat(R)),
D(A) and K(Proj(R)) are triangulated equivalent, induced by a Quillen equivalence
between the corresponding model categories.
Proof. Let M = (Ch(A),W , dgB˜) be the model associated to the complete hered-
itary cotorsion pairs (Ch(A),Ch(A)⊥) and (A˜, dgB˜) in Ch(R). To get the claim
it suffices to show that W = Ch(Proj(R))⊥. To this aim we will use [10, Lemma
4.3(1)], i.e. we need to prove:
(i) A˜ = Ch(A) ∩ Ch(Proj(R))⊥.
(ii) Ch(A)⊥ ⊆ Ch(Proj(R))⊥.
Condition (ii) is clear because Proj(R) ⊆ A. Now, by Neeman [20, Theorem 8.6],
Ch(A) ∩Ch(Proj(R))⊥ = F˜lat(R) ∩Ch(A). But, by the assumption (2), we follow
that F˜lat(R) ∩Ch(A) = A˜. 
Remark 5.1. Starting with a class A in the assumptions of Theorem 5.1, we may
construct, for each integer n ≥ 0, the class A≤n of modules M possessing an exact
sequence
0→ An → An−1 → . . .→ A0 →M → 0
with Ai ∈ A, i = 1, . . . , n. The derived categories D(A
≤n) and D(A) are triangu-
lated equivalent (see Positselski [21, Proposition A.5.6]). In particular we can infer
from this a triangulated equivalence between K(Proj(R)) and D(VF(R)). By using
10 SERGIO ESTRADA AND ALEXANDER SLA´VIK
a standard argument of totalization one can also check that D(A≤n) and D(A) can
be realized as the homotopy categories of two models M1 and M2 and that these
models are Quillen equivalent without using Neeman [20, Theorem 8.6]. From this
point of view it seems that the triangulated equivalence between K(Proj(R)) and
D(VF(R)) is much less involved than the one betweenK(Proj(R)) andD(Flat(R)).
6. Quillen equivalent models for D(Flat(X))
Setup: Throughout this section X will denote a quasi-compact and semi-separated
scheme. If U = {U0, . . . , Um} is an affine open cover of X and α = {i0, . . . , ik} is
a finite sequence of indices in the set {0, . . . ,m} (with i0 < · · · < ik), we write
Uα = Ui0 ∩ · · · ∩ Uik for the corresponding affine intersection.
In [16] Murfet shows that the derived category of flat quasi-coherent sheaves
on X , D(Flat(X)), constitutes a good replacement of the homotopy category of
projectives for non-affine schemes, because in case X = Spec(R) is affine, the
categories D(Flat(X)) and K(Proj(R)) are triangulated equivalent. There is a
model for D(Flat(X)) in Ch(Qcoh(X)) given by the triple
Mflat = (Ch(Flat(X),W , dg(Cot(X))).
(see [10, Corollary 4.1]). We devote this section to provide a general method to
produce model categoriesM in Ch(Qcoh(X)) which are Quillen equivalent toMflat.
In particular this implies that the homotopy category Ho(M) and D(Flat(X)) are
triangulated equivalent.
Theorem 6.1. Let X be a scheme and let P be a property of modules and A
its associated class of modules. Assume that A ⊆ Flat, and that the following
conditions hold:
(1) The class A is Zariski-local.
(2) For each R = OX(U), U ∈ U , the pair (AR,BR) is a hereditary cotorsion
pair generated by a set.
(3) For each R = OX(U), U ∈ U , every flat AR-periodic module is trivial.
(4) j∗(Aqc(Uα)) ⊆ Aqc(X), for each α ⊆ {0, . . . ,m}.
Then there is an abelian model category structure MAqc in Ch(Qcoh(X)) given
by the triple (Ch(Aqc),W , dg(B)). If we denote by D(Aqc) the homotopy category
of MAqc , then the categories D(Flat(X)) and D(Aqc) are triangulated equivalent,
induced by a Quillen equivalence between the corresponding model categories. In
case X = Spec(R) is affine, D(AR) is triangulated equivalent to K(Proj(R)).
Before proving the theorem, let us focus on one particular instance of it: if we
take A = VF (the class of very flat modules) the theorem gives us that D(Flat(X))
and D(VF(X)) are triangulated equivalent. This generalizes to arbitrary schemes
[21, Corollary 5.4.3], where such a triangulated equivalence is obtained for a semi-
separated Noetherian scheme of finite Krull dimension.
Corollary 6.1. For any scheme X, the categories D(Flat(X)) and D(VF(X)) are
triangulated equivalent.
Let us prove Theorem 6.1. We firstly require the following useful lemma.
Lemma 6.2. Suppose A is as in Theorem 6.1 (possibly without satisfying condition
(3)). Then for any M• ∈ Ch(Flat(X)) there exists a short exact sequence
0→ K• → F• → M• → 0,
where F• ∈ Ch(Aqc(X)) and K• ∈ F˜lat(X).
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Proof. We essentially follow the proof of [22, Lemma 4.1.1]; the main difference is
that instead of sheaves, we are dealing with complexes of sheaves. Starting with
the empty set, we gradually construct such a short exact sequence with the desired
properties manifesting on larger and larger unions of sets from U , reaching X in a
finite number of steps.
Assume that for an open subscheme T of X we have constructed a short exact
sequence 0 → L• → G• → M• → 0 such that the restriction h
∗(G•) belongs to
Ch(Aqc(T )) (h : T →֒ X being the inclusion map) and L• ∈ F˜lat(X). Let U ∈ U
(with inclusion map j : U →֒ X); our goal is to construct a short exact sequence
0 → L ′• → G
′
• → M• → 0 with the same property with respect to the set U ∪ T .
Let us note that the adjoint pairs of functors on sheaves (j∗, j∗), (h
∗, h∗) yield
corresponding adjoint pairs of functors on complexes of sheaves.
Pick a short exact sequence 0 → K ′• → Z• → j
∗(G•) → 0 of complexes of
sheaves over the affine subscheme U , where Z• ∈ Ch(Aqc(U)) = Ch(AOU (U)) and
K ′• ∈ Ch(AOU (U))
⊥, i.e. special precover in the category of complexes of OU (U)-
modules. In this (affine) setting we know from [20] that K ′• ∈ F˜lat(U), since
K ′• ∈ Ch(Flat(U)) ∩ Ch(AOU (U))
⊥ ⊆ Ch(Flat(U)) ∩ Ch(Proj(U))⊥. Using the
direct image functor, we get 0→ j∗(K
′
• )→ j∗(Z
′
•)→ j∗j
∗(G•)→ 0 over X . Since
U ∈ U is affine, j∗ is an exact functor taking flats to flats and also preserving A
by condition (4), so j∗(K
′
• ) ∈ F˜lat(X), whence j∗(Z•) stays in Ch(Aqc). Now
considering the pull-back with respect to the adjunction morphism G• → j∗j
∗(G•),
one gets a new short exact sequence ending in G•; let G
′
• be its middle term:
0 // j∗(K
′
• ) // G
′
•
//

G•
//

0
0 // j∗(K
′
• )
// j∗(Z
′
• )
// j∗j
∗(G•) // 0
Let us now check that the components of G ′• are in Ch(Aqc(U∪T )); this is sufficient
to check on U and T separately. Firstly, j∗(G ′•)
∼= Z•, which is in Ch(Aqc(U)) by
construction. On the other hand, the complex j∗(G•), when further restricted to
U ∩ T , is in Ch(Aqc(U∪T )) (A being Zariski-local class), and the same holds for
the complex K ′• by the resolving property of A. The embedding U ∩ T →֒ T is
an affine morphism (by semi-separatedness) and preserving A by (4), so j∗(K
′
• ) ∈
Ch(Aqc(T )). Therefore G
′
•, as an extension of j∗(K
′
• ) by G•, belongs to Ch(Aqc(T )),
too.
Finally, the kernel K• of the composition of morphisms G
′
• → G• → M• is
an extension of L• and j∗(K
′
• ), hence a complex from F˜lat(X). This proves the
existence of the short exact sequence from the statement. 
Proof of Theorem 6.1. First of all we notice that the class Aqc contains a family of
generators for Qcoh(X); this is just a variation of the idea used in the proof of [21,
Lemma 4.1.1], where we replace the class of very flats by A (and do not care about
the kernel of the morphisms), which is possible thanks to property (4).
Then, by [6, Corollary 3.15] we get in Qcoh(X) the complete hereditary cotorsion
pair (Aqc,B) generated by a set. Thus by [10, Theorem 4.10] we get the abelian
model structure MqcAqc = (Ch(Aqc),W1, dg(B)) in Ch(Qcoh(X)) given by the two
complete hereditary cotorsion pairs:
(Ch(Aqc),Ch(Aqc)
⊥) and (A˜qc, dg(B)).
12 SERGIO ESTRADA AND ALEXANDER SLA´VIK
SinceAqc ⊆ Flat(X), we get the corresponding induced cotorsion pairs in Ch(Flat(X))
(with the induced exact structure from Flat(X)):
(Ch(Aqc),Ch(Aqc)
⊥ ∩Ch(Flat(X))) and (A˜qc, dg(B) ∩ Ch(Flat(X))).
To see that e.g. the former one is indeed a cotorsion pair, we have to check that
Ch(Aqc) =
⊥(Ch(Aqc)
⊥∩Ch(Flat(X)))∩Ch(Flat(X)). The inclusion “⊆” is clear.
To see the other one, pick X• ∈
⊥(Ch(Aqc)
⊥ ∩ Ch(Flat(X))) ∩ Ch(Flat(X)) and
consider a short exact sequence 0→ B• → A• → X• → 0 with A• ∈ Ch(Aqc) and
B• ∈ Ch(Aqc)
⊥. As Aqc ⊆ Flat(X) and Ch(Flat(X)) is a resolving class, we infer
that B• ∈ Ch(Flat(X)). Thus the sequence splits and X• is a direct summand of
A•, hence an element of Ch(Aqc). The proof for the latter cotorsion pair goes in a
similar way.
Now we will apply [10, Lemma 4.3] to these two complete cotorsion pairs in the
category Ch(Flat(X)) and to the thick class W = F˜lat(X) in Ch(Flat(X)). So we
need to check that the following conditions hold:
(i) A˜qc = Ch(Aqc) ∩ F˜lat(X).
(ii) Ch(Aqc)
⊥ ∩Ch(Flat(X)) ⊆ F˜lat(X).
Since every flat AR-periodic module is trivial and the classesA and Flat are Zariski-
local, we immediately infer that every flat Aqc-periodic quasi-coherent sheaf is
trivial. Thus, from Proposition 4.2, we get condition (i). So let us see condition (ii).
Let L• ∈ Ch(Aqc)
⊥ ∩ Ch(Flat(X)). Since the pair (Ch(Flat(X)),Ch(Flat(X))⊥)
in Ch(Qcoh(X)) has enough injectives, there exists an exact sequence,
0→ L• → P• → M• → 0,
with P• ∈ Ch(Flat(X))
⊥ and M• ∈ Ch(Flat(X)). Now, since L• ∈ Ch(Flat(X)),
we get that P• ∈ Ch(Flat(X)) ∩ Ch(Flat(X))
⊥ = F˜latCot(X). By Lemma 6.2,
there exists an exact sequence
0→ K• → F• → M• → 0,
where F• ∈ Ch(Aqc) and K• ∈ F˜lat(X). Now, we take the pull-back of P• → M•
and F• → M•, so we get a commutative diagram:
0

0

K•

K•

0 // L• // Q• //

// F• //

0
0 // L• //P• //

M•
//

0
0 0
In the middle column, the complexes K• and P• belong to F˜lat(X). Therefore, the
complex Q• also belongs to F˜lat(X). Since F• ∈ Ch(Aqc) and L• ∈ Ch(Aqc)
⊥,
the exact sequence in the middle row splits. So, L• ∈ F˜lat(X) as desired.
Therefore by [10, Lemma 4.3] we have the exact model structure in Ch(Flat(X))
given by the triple
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MChflatAqc = (Ch(Aqc), F˜lat(X), dg(B) ∩ Ch(Flat(X))).
Since it has the same class of trivial objects, this model is Quillen equivalent to the
flat model in Ch(Flat(X)),
MChflatflat = (Ch(Flat(X)), F˜lat(X), dg(Cot(X)) ∩Ch(Flat(X))).
This is, in turn, the restricted model of the model
Mflat = (Ch(Flat(X),W , dg(Cot(X)))
in Ch(Qcoh(X)) with respect to the exact category Ch(Flat(X)) of cofibrant ob-
jects. Thus, Mflat and M
Chflat
flat are canonically Quillen equivalent. To finish the
proof, let us show that the model MChflatAqc is Quillen equivalent to
MAqc = (Ch(Aqc(X)),W1, dg(B)).
But this model is canonically Quillen equivalent to its restriction to the cofibrant
objects, i.e.
M
ChAqc
Aqc
= (Ch(Aqc), A˜qc, dg(B) ∩ Ch(Aqc)).
Finally the Quillen equivalent cofibrant restricted model of
MChflatAqc = (Ch(Aqc), F˜lat(X), dg(B) ∩ Ch(Flat(X)))
is given by the triple
(Ch(Aqc), F˜lat(X) ∩ Ch(Aqc), dg(B) ∩ Ch(Aqc))),
which by condition (i) above is precisely the previous modelM
ChAqc
Aqc
. In summary,
we have the following chain of Quillen equivalences among the several models,
Mflat ≃M
Chflat
flat ≃M
Chflat
Aqc
≃M
ChAqc
Aqc
≃MAqc .
The first and the last models give our desired Quillen equivalence. 
Recall from [4] that M ∈ Qcoh(X) is an infinite-dimensional vector bundle if,
for each U ∈ U , the OX(U)-module M (U) is projective. We will denote by Vect(X)
the class of all infinite-dimensional vector bundles on X . In case Vect(X) contains a
generating set of Qcoh(X), we know from [6, Corollary 3.15 and 3.16] that the pair
(Vect(X),B) (where B := Vect(X)⊥) is a complete cotorsion pair generated by a
set. It is hereditary, because the class Vect(X) is resolving. Thus by [10, Theorem
4.10] we get the abelian model structure Mvect = (Ch(Vect(X)),W1, dg(B)) in
Ch(Qcoh(X)) given by the two complete hereditary cotorsion pairs:
(Ch(Vect(X)),Ch(Vect(X))⊥) and (V˜ect(X), dg(B)).
We will denote by D(Vect(X)) its homotopy category.
We are now in position to prove Corollary 2 in the Introduction.
Corollary 6.2. Let X be a scheme with enough infinite-dimensional vector bun-
dles. Then the categories D(Flat(X)) and D(Vect(X)) are triangle equivalent, the
equivalence being induced by a Quillen equivalence between the corresponding model
categories.
Proof. The proof will follow by showing thatD(Vect(X)) andD(VF(X)) are Quillen
equivalent, and then by applying Corollary 6.1. To this end, we will prove that the
model structures Mvect and MVF have the same trivial objects. To achieve this,
by [8, Theorem 1.2], it suffices to show that the trivial fibrant and cofibrant objects
of one structure are trivial also in the other structure. This assertion is clearly
satisfied by the trivial cofibrants of Mvect and trivial fibrants of MVF , as
V˜ect(X) ⊆ V˜F(X) and Ch(VF(X))⊥ ⊆ Ch(Vect(X))⊥.
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Now let V• ∈ V˜F(X); since there are enough infinite-dimensional vector bundles,
the cotorsion pair (V˜ect(X), dg(B)) has enough projectives, hence there is a short
exact sequence
0→ Q• → P• → V• → 0
with P• ∈ V˜ect(X). Restricting this to an open affine subset of X , we obtain
a short exact sequence with a complex of projective modules in the middle and
ending in a complex of very flat modules, and the objects of cycles also belonging
to the respective classes. Since the projective dimension of very flat modules does
not exceed 1, it follows that Q• has also projective cycles after this restriction,
hence Q• ∈ V˜ect(X). We conclude that V•, being a factor of two trivial objects, is
itself trivial in Mvect.
Finally, pick M• ∈ Ch(Vect(X))
⊥. Using the completeness of the cotorsion pair
(Ch(VF(X)),Ch(VF(X))⊥), we obtain a short exact sequence
0→ K• → V• → M• → 0
with V• ∈ Ch(VF(X)) and K• ∈ Ch(VF(X))
⊥. As K• is trivial inMvect, it suffices
to show that V• is trivial, too. Furthermore, Ch(VF(X))
⊥ ⊆ Ch(Vect(X))⊥ implies
that in fact, V• ∈ Ch(Vect(X))
⊥. So as above, construct a short exact sequence
0→ Q• → P• → V• → 0,
this time with P• ∈ Ch(Vect(X)) and Q• ∈ Ch(Vect(X))
⊥. The same local argu-
ment as above shows thatQ• ∈ Ch(Vect(X)), and we also haveP• ∈ Ch(Vect(X))
⊥
(being an extension of two objects from the class). Hence V• is a factor of two com-
plexes from the class Ch(Vect(X))∩Ch(Vect(X))⊥, which is a subclass of V˜ect(X)
and consequently V˜F(X), therefore consisting of trivial objects of MVF . 
Finally, the last consequence is also an application of Theorem 6.1 for the class
of very flat quasi-coherent sheaves. It follows from Gillespie [10, Theorem 4.10]
Corollary 6.3. There is a recollement
Dac(VF(X)) j // D(VF(X))
ss
kk
w // D(X)
tt
jj
Remark 6.3. Murfet and Salarian deal in [18] with a suitable generalization of
total acyclicity for schemes. Namely, they define the category DF-tac(Flat(X))
3 of
F-totally acyclic complexes in D(Flat(X)) and prove that, in case X = Spec(R)
is affine and R is Noetherian of finite Krull dimension, DF-tac(Flat(X)) is trian-
gle equivalent to Ktac(Proj(R)) (the homotopy category of totally acyclic com-
plexes of projective modules) showing that DF-tac(Flat(X)) also constitutes a good
replacement of Ktac(Proj(R)) in a non-affine context. An analogous version of
Theorem 6.1 allows to restrict the equivalence between D(Flat(X)) and D(Aqc)
to their corresponding categories of F-totally acyclic complexes DF-tac(Aqc) and
DF-tac(Flat(X)). In particular, the full subcategory DF-tac(VF(X)) of F-totally
acyclic complexes of very flat quasi-coherent sheaves inD(VF(X)) is triangle equiv-
alent with Murfet’s and Salarian’s derived category of F-totally acyclic complexes
of flats.
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